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A system of periodic coefficients functional differential equations is used to model
the single microorganism in the chemostat environment with a periodic nutrient and
antibiotic input. Furthermore, the total toxic action on the microorganism expressed
by an integral term is considered in our system. Based on the technique of analysis, we
obtain sufficient conditions which guarantee the permanence of the system and extinc-
tion of the microorganism.
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1. Introduction

As we all know that the nature of disease is to break the balance of the
ecosystem (organism and its internal and external environment). And the over
controlling of all factors, which have some influence on the organism, can lead
to the imbalance. For the purpose of keeping this balance, there are many people
are concerning the dynamic behavior of one or more populations of organisms.

The biosphere inside the organism are characterized as comparatively sea-
led, densely populated, short-generated, and naturally chemostated, etc. When
the internal microorganism populations are in disproportion or disease appear.
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In order to cure such diseases, antibiotics are usually applied to restore the
balance among the internal microorganism populations. Antibiotics have been
used since the 1940s, and the first one is penicillin. According to experiments
with electronic microscope and radioactive penicillin, It is confirmed that peni-
cillin can destroy the organism synthesis on the wall of the sensitive bacteria’s
L-shaped cell, then result in the death of the cell. Also, in most populations of
organisms, the accumulation of metabolic products may seriously inconvenience
a population and one of the consequences can be a fall in the birth and an
increase in the mortality rate. But how to measure the influence of antibiotics
and the total toxic action on the amount of microorganism populations?

On the other hand, since biological and environmental parameters are
naturally subject to fluctuation in time, the effects of a periodically varying envi-
ronment are considered as important selective forces on systems in a fluctua-
ting environment. Hence more realistic and interesting models should take into
account the seasonality of the changing environment [1, 2].

With the idea of chemostat model [3-14] and ecotoxicology [15-17], when
the nutrient and antibiotic are both input periodically, we establish a non-
autonomous chemostat model with antibiotic and the total toxic action on birth
and death rates of the single microorganism. By using the technique of analysis,
we determine sufficient conditions which guarantee the permanence of the sys-
tem and extinction of the microorganism. These results explain, to some degree,
the phenomena — the disease in clinical therapy will exist for ever and go away.

This paper is organized as follows. In section 2, we describe our model and
the preliminary results. In section 3, we obtain sufficient conditions for the per-
manence of the system and extinction of the microorganism. Finally, a brief dis-
cussion is given in last section.

2. Mathematical model and the preliminary results

In this paper, we consider the following periodic chemostat model

S'(t) = (8°() = S() D) = pr(D)P1(1, SE)SN)x (1),
R'(t) = (R%(t) — R(t)) D(t) — p2()¢a(t, R R(1)x (1),
X(0) =x(O) [ DO+ hi 011, SOISO) — oot ROIRGT) (D)

—px(0) = g0) ([ k©)x@ +5)ds) ]

where S(¢) is the nutrient concentration, R(z) the antibiotic concentration, x(t)
is the microorganism concentration. S°(r) and R%(r) denote the input concentra-
tion of nutrient S and, respectively, antibiotic R. D(¢) is the dilution(or washout)
rate. p;(t) and h;(t)(i = 1,2) give the coefficients that relate to the conversion
rate of the nutrient and antibiotic. Also, n € (0,00). $°(t), R°(t), D(t), p(t),
pi)i@ = 1,2), 1, S), ¢o(t, R), hi(t)(i = 1,2), and ¢(¢) are all w-periodic
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and continuous for >0, $°(r), R%(¢t), D(1), p(t), pi(t)(i = 1,2), hi(1)(i=1,?2),
and ¢(t) are all positive, and ¢;(¢, S) and ¢»(z, R) are non-negative. The terms
¢1(¢, §)S and ¢,(¢, R)R which called the functional response describe the num-
ber of the nutrient S and the antibiotic R consumed per microorganism in unit
time, respectively. We assume that there exists a positive constant L such that

091(t, S) >0 0o (t, R) S0
as 7 aR
for S, R > 0. (2)

0<o1(t,S) <L, 0<¢o(t,R) < L,

The last two conditions in (2) implies that, as the nutrient and antibiotic popu-
lations increase, the consumption rates of nutrient and antibiotic per microorga-
nism increase, respectively. Some explicit forms [10] for the functional response
that have been used are

o (1) X
X X)=—-—" M 1942
o, X) Ko (D) + X onod(1942),
m(@X
Xo(, X) = Hon (1) Monod Haldane(1968),
X2
Hm (D)X exp(—22)
Xo(r, X) = A0 Tessiet(1936),
K,t)+ X
Hm (1) X X < X
X, X) = I;(t)(;XX Tseng(1975),
(X —X X>X
KO+ X i(1)( 0) > X
Xp(t,X)=a®)X(qg < 1) Rosenzweig(1971).

The delay—kernel k(s) is a non—negative bouned function defined on R_=(—o00, 0]
and integrable, and describes the residual intensity of pollution. The present of
the distributed time delay must not affect the equilibrium values, so we norma-
lize the kernel such that

0
/ k(s)ds = 1. (3)

—0o0

Let Cy = {¢ = (Y1, Y2, ¥3) : Y (¢) is continuous and non-negative on R_

and ¥;(0) >0,i=1,2, 3}. In this paper, we always assume that solutions of (1)
satisfy the following initial conditions

S) =Y1(5), R(s) =Ya(s), x(s) =vY3(s), (Y1, ¥2,93) €Cy, seR_.(4)
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Before stating and proving our main results, we give the following defini-
tions, notations and Lemmas which will be useful.
Let f(¢) be a continuous w-periodic function defined on [0, +00), we set

Au(f) =™ / ’ fde, fY = max f(@r), fL= min f@).
0 te[0,w] t€[0,w]

Definition 2.1. System (1) is said to be permanent if there exists a compact
region D C int$2(2 C Ri = {(21,22,23) 7z =20, i =1,2, 3}) such that
every solution of system (1) with initial conditions (4) will eventually enter and
remain in region D.

Lemma 2.2. The system

I S'(t) = a()S°(t) — b(1)S(1),

R(1) = c()R(t) — d(D)R (1), 5

in which a(?), b(t), c(t), d(¢) are all continuous positive w—periodic for ¢ > 0, has
a positive w-periodic solution (S(z), R(t)) which is globally asymptotically stable
with respect to Ri.

Proof. This Lemma is easy to be proved, then the process of proving is omitted.
This completes the proof. m]

Lemma 2.3. For the following non-autonomous differential equation
i =ula)(t) — bi(t)u — cy(Hu"], (6)

where a;(t), b1(¢), and c1(r) are w—periodic continuous functions, clL, blL > 0,
Ay,(b1) > 0 and n € (0, 00), there is a constant M* > 0 such that every positive
solution u(t) of (6) satisfies lim sup,_, . u(t) < M*.

Proof. The proof is obvious, in fact, u’ = u[a|(t) —b1()u —c1(t)u"] < ula;(t) —
b1(¢t)u]. From [18], we note that there exists a constant M* such that the solution
x(t) of the Logistic equation

X =xlai(t) — bi(1)x]

satisfies

*

limsupx(t) < M*.

t—00

Using the comparison theorem of ordinary differential equations, this completes
the proof. o
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Lemma 2.4. There exist positive constants Mg, Mg, and M, such that

limsup S(¢) < Mg, limsupR(t) < Mg, limsupx(t) < M,.

—00 t—00 1—>00

Proof. Obviously, Ri is a positively invariant set of system (1). Given any posi-
tive solution (S(¢), R(¢), x(¢)) of (1) with initial conditions (4), we have

§' < (8°) = S(1)) D),
R < (R%(t) — R())D(1).

Next consider the following auxiliary equations

[u’l = (8°() —u1(0)) D),
uhy = (RO(t) — us(t)) D(t).

According to lemma 2.2, it follows that (7) has a globally asymptotically stable
positive w-periodic solution (S*(¢), R*(¢)). Let (u1(t), u>(¢t)) be the solution of
(7) with u1(0) = S(0), u2(0) = R(0). By the vector comparison theorem [19],
we obtain

(7

S@) <ui(r),  R@) < u(r)

for all + > 0. From the global asymptotic stability of (S*(¢), R*(¢)), for any posi-
tive constant &, there exists a Ty > 0 such that for all ¢+ > Ty,

lup(t) = S*(t)| <&, |ua(t) = R*(t)| < e.
Hence, we derive

St)<S*(t)+e, R@)<R'(t)+e forallr>T,.

Let
Mg = max {S*() + ¢},
tel0,w]
Mp = max {R*(t) + ¢}
te[0,w]
we then get
S(t) < Mg, R(t) < Mg. (3)
Consequently,

limsup S(z) < M

t—00
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and

limsup R(t) < M.

—00

In addition, let a(t) = —D(t) +h1(t)$1 (S*(t) + &) (S* (1) +¢) and let the constant
7 > 0 be such that

/0 k(s) exp(ozUs)ds > 0. 9)
-
For t > T it follows from (2) that

x'(t) < x(t)[ — D(1) + hi()P1(S* (1) + &) (S* (1) + 8)] = xa(t).
Hence, for any ¢t >t +s5 > Ty + t(s < 0) we obtain

t+s
x(t+5) = x(t) exp / a(&)de = x(t) exp(aUs).
t

It follows from the above inequality that for any ¢ > Ty + 27, we have

_ 0 n
x <x|a) — pt)x(t) — q(t)(/ k(s)x( + s)ds) ]
- o )
< x| — px() - q(r)( G +s>ds) }
- o0 .
Sx|a() —p@)x@) — CI(I)(/ k(S)eXp(OlUS)dS) xn(f):|-

Let u(¢) be the solution of the auxiliary equation

0 n
= u|:a(t) — pu(t) — q(t)(/ k(s) exp(aUs)ds) u”(t)]

-7

with the initial condition u(Ty + 27) = x(Ty + 21), then we derive
x(t) <u(r) for all r > Ty + 2r. (10)
From lemma 2.3, we know that there exists a constant M, > 0 such that

limsupu(t) < M,.

t—00

Consequently, by (10) we have

limsupx(t) < M,. (11)

t—00

This completes the proof. o
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Lemma 2.5. There exist positive constants ps and pgr(ps < Ms, pr < Mg) such
that

liminf S(z) > ps
t—00
and

liminf R(t) > pg.
—00

Proof. By lemma 2.4, there exists a positive constant 7] > Ty + 2t such that
0<x(t) <M, fort>T.

Then we derive that

{ S'0)=(S°()—S®) D)= p1 () LSt)My= — (D()+LM, p1 (1)) S()+D(1)S°(1),
R’(t)>(R°(t)—R(t))D(t)—pz(t)LR(t)M =- (D(t)+LMxpz(t))R(t)+D(t)R°(t)

for + > T. By lemma 2.2, the auxiliary system

{ u (1) = —(D(t) + LMy py(1))u(t) + D(1)S°(1),
uh(t) = —(D(t) + LM, p2(1))ua(t) + D()R(1)

has a positive w—periodic solution (u7(?), u5(¢)), which is globally asymptotically
stable. Hence there exists a positive 75 > T such that

S() > psg = min ui(®)
PS= dow | 2
and
At
R(®) > pr = min {“2()}.
te[0,w]
This completes the proof. m]

Lemma 2.6. Suppose that

Auo(— D)+ h1 ()1, S*1)S* (1) — ha()pa(t, R* (1)) R*(1)) > 0, (12)

in which §*(r) and R*(¢) are defined in Lemma 2.4. Then there is a positive
constant o, (0x < My) such that

limsup x(z) > oy. (13)

t—00
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Proof. By (12), we can choose a positive constant gy < %min,e[o,w]{S*(t),
R*(¢)}, where (S*(¢), R*(¢)) is the unique positive solution of system (7) such that

Aw(Wao(t)) > 0, (14)

where

Ve (1) = —D(t) + h1 ()1 (2, S*(t) — e0) (S (1) — &9)
—ha(t)a(t, (R*(t) + £0)) (R*(1) + £0) — (280)"q(t) — eop(2).

Consider the following auxiliary system with a positive parameter u

[wa>=—0xn+zuwmnWMn+Dam%a s

ws(t) = —(D(@) + 2Lupa())ua () + DR ().

By lemma 2.2, (15) has a positive w—periodic solution (uTM(t), uﬁﬂ(z‘)), which is
globally asymptotically stable. Let (u1,(t),u2,(t)) be the solution of (15) with
initial condition u1,(0) = $*(0) and u,(0) = R*(0), where (S*(¢), R*(¢)) is the
positive periodic solution of (7). Hence, for the above gy, there exists 73 > T»
such that

Uiy (6) — ul, (D] < £0/4 (16)

fort > T3, i = 1,2. According to the continuity of the solution in the parameter

",
we then have uy,(t) — S$*(t) and wuy,(t) — R*(¢) uniformly in [T3, T3 + o]
as u — 0. Hence for gy > 0, there exists o = no(eg) (0 < pp < go) such that

1, (6) = ST O] < e0/4,  |uzu(t) — R* ()] < e0/4, 0< < po (17)

t € [T3, T3 + w]. Thus from (16) and (17), we get

uj, () = S* (O] < e0/2,  |u3, (1) = R*(O)] <e0/2, 0< < po

t € [T5, T3 + w]. Since uj‘u(t), S*(t), and R*(¢) are all w-periodic, we have

U, () = S (O] < £0/2, |ub, () — R*()| <80/2, 0<p<po  (18)

t > 0.
Choose a constant u1(0 < pu1 < o, 1 < &), from (18), we derive

; wy, (1) > R () — %

€0 (19)
3, () <SR+ T

uj,, () = S*@) —

SMORORES
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for t > 0.
Suppose that the conclusion (13) is false. Otherwise, for the above g there exists
¢ € C4 such that

limsup x(z, @) < ui,

t—00

where (S/(\t, ®), R(1, 9), ’)\c(t,cb)) is the solution of (1) with the initial condition
(S©), R®), x(0)) = ¢(6). So there exists a constant T4(> T3) such that

x(t,¢) <2u; fort > Ty. (20)
Then we get

{ §'(1) 2 (D) + 2Lp1 prO)ur (1) + DS (1), e

R'(t) = —(D(t) + 2Ly p2(t))ua(t) + DR (2).

Also, from fi)oo k(s)ds = 1, we can choose a positive constant 7y such that

H()/_TO k(s)ds < uq (22)

—00
in which
Hy = sup{x(t +s)|t > 0, s <0}.

Let W1y, Upy) be the solution of (15) with u = u and (W1, (Ta), uzy, (Ty)) =
(S(Ty), R(Ty)), then by the vector comparison theorem, we obtain

S, @) = ury, (1), R, ) = uzy, (1) (23)

t > Ty4. By the global asymptotic stability of (u’l"m(t), ujm(t)), for the given gy >
0 there exists T > Ts5 such that

ulﬂl(t)>u;k/tl(t)_80/27 t>T6, l=l,2
and hence , by (18), we derive

S(t,¢) > S*(t) —e0, R(t,¢) > R*(t) — &g, t = To. (24)
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Therefore, for t > Ty + 79, we have

xX'(t, ) = x(t, )| — D) + h1(t)p1(t, S(1))S(t) — ha(t)pa(t, R())R(1)

0 n
—p®)x(t, @) —q(t)(/ k(s)x(t—i—s)ds) i|

—0o0

> x(t, )| — D) +h1(t)i1(z, (S*(1) — £0))(S* (1) — &0)
—ha(Da(t, (R* (1) + ) (R*(1) + £0) — p(D)uy

— 0 n
_q(t)(/ ' k(s)x(t + s)ds +/ k(s)x(t + s)ds) :|
—00 -7

> x(t, ¢)[ — D(t) +hi ()1 (¢, (S*(t) — £0))(S*(t) — €0)
—ha(t)a(t, (R*(t) + £0)) (R*(1) + £9) — p(t)u)

—T 0 n
—q (1) (Ho/ 0k(s)ds + Ml/ k(s)ds) :|
—00 -7

> x(1, ¢)[ — D(t) + h1 ()1 (z, (S*(1) — £0))(S™ (1) — &9)
—ha()a(t, (R* () + £0)) (R* () + £9) — p(t)eg
—(280)”51(;)}

= (1, )Py (1).

Integrating the above inequality from T + 79 to ¢ yields

t
x(t, ¢) = x(T + t0) €Xp (/ lffeo(s)ds)-
Ts+70
It follows from (14) that x(¢, ¢) — oo as t — oo, which is a contradiction. This
completes the proof. o

Lemma 2.7. Assume that (12) holds. Then there exists a positive constant §y
(6x < M,) such that any solution (S(z), R(¢), x(¢)) of system (1) with initial
condition satisfies

liminf x(¢) > ;. (25)
—00
Proof. Suppose that (25) is not true, there must exist a sequence {¢r} C Cyt
such that

liminf x (¢, ¢) < k=1,2,...
—00

Ox
(k +1D?’
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and by lemma 2.6, we have limsup,_, ., x(¢, ¢x) > ox, k = 1,2,.... Hence, for
each k, we choose two time sequences {s,gk)}and {tqk)} satisfying 0 < s(k) < tl(k)
ék)<t2(k) ~-<s(§k)<t;k) -andsq)—>ooasq—>oo,and
(k) 0 —_ % 26
25O, ) = k+1 x0.60 = 5y (26)
Ox Ox k) L&)
—_— t — ., te , 1)y, 27
i SO <o (s, 1) (27)

By lemma 2.4, for a given positive integer k, there exists 7® > 0 such that
S, dr) < Mg, R(t,pr) < Mp, and x(¢, ;) < M, for all r > T® . Further,
there is a constant o ® > 0 such that

)

Hl(k)/ k(s)ds < My,

—0Q
where H(k) sup{x(t + s, ¢p) : < 0}. Because of s — 00 as g — 090,
there is a positive integer K () such that s(k) >T® +0® as g > K, ® For any
t>T® 4+ 6® we have

xX'(t, 1) = x(t, ¢k)[ — D(t) — ha(t)LMg — p(1)x(t, ¢x)

0 n
—q(r)( / K($)x (0 —I—s,d)k)ds) }
)

Z x(t, ¢k)[— D(t) — hay(t)LMg — p()M — CI(I)(/ k(s)x(t + s, pr)ds

0 n -
+/ k(s)x(t + s, d)k)ds) i|

—o®

> x(t, o) — D(t) — ha(t)LMg — p(t)M, — (2M,)"q(1)].

Integrating the above inequality from s(k) to tq , for any ¢ > K ® we get

(k)

Iq
(10, i) = x (54" e exp( / o [7D(@O) = ha () LM — p() My — <2My>"q(r>]dz).

Sq
Obviously, we derive
1
/ o (DO +ha()LMg + p(O)Mx + 2M,)"q(01dr > In(k + 1) for g > > k.
S,

q

Hence, in view of the periodicity of D(r), hy(t), p(t), and g (¢), we get

;ék) — s;k) — 00, ask—>o00, q= Kl(k)- (28)
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By (14), (26), and (28), there are positive constants 7 and Ny such that

x5O, gr) = k% < £, (29)
1 — s > 21 (30)
and
K
/ Ve, (1)dt > 0 (31)
0

for k > Ng, g > Kl(k), and k > T. (29) implies that

x(t. ¢p) < €0, 1 €55, 1] (32)
for k > Ny, g > Kl(k). Noticing that sék) — 00 as ¢ — oo and fi)ook(s)ds =1,
for any k there exists Kz(k) > K l(k) such that for all ¢ > K (k), we obtain

f(k)_s(k)_ao

1
H® / " k(s)ds < S0 (33)

—0o0

and
o0 1
M, / k(s)ds < ~eo. (34)
. 2

where o > 0. By (30), there exists a positive integer N; such that

t(;k) — s(gk) >o" fork> Ni, g > Kz(k).
For k > Ny, ¢ > Kék), and sfjk) +0%<r< ték), it follows from (32) that
{ S’/(t, $x) = —(D() + Legp1 (1)) S(t, ) + D()S° (1), (35)
R'(t,¢1) = —(D(t) + Legpa (1)) R(t, ) + D@)R(0).
Let (i1, u2e,) be the solution of (15) with =% and (ulm(sq NS uzm(s(k)

) = (S(s(k) + 79, R(s(k) + 79)), then by the Vector comparison theorem, we
obtain

S<r,¢k)>uleo<r), R(t. ¢p) > uzeg(t), tels+7° 1] (36)

From limq_>Oo % = oo and Lemmas 2.4 and 2.5, we obtain that for any k
there is a K w5 K, ® such that for any g > K, (k)

<S6P +0% 00 <Ms,  pr < RGP +0° ¢p) < M.
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For n = %0, equations (15) has a globally asymptotically stable positive
w-periodic solution (uTM(t), u?u(t)). From the periodicity of (15) we know that
the periodic solution (”Tu(t)’ ujﬂ(t)) also is globally uniformly asymptotically
stable. Hence, there is a 77 > T, and Ty is independent of any k and ¢, such
that
e 1) > 7, (1) =

forallt > T7 + s(k) +0% and ¢ > K ® . Consequently, by (19), we have
Ul (1) > S (1) — &9 (37)

forall t > T7 + s(k) +0%and ¢ > K ® . By (28), there is a N> > Nj such that

(o _ (k) > 2T for all k > Ny and ¢ > K\, where T > T7 + o°. Hence, from
(306) and (37) we obtain

S(t, ) = S* (1) — €0 (38)

for all t € [T +sék), t;k)], k> N>, and g > K(k)

Since, for any ¢ € [T +s(k) +00,11, k = Ny and ¢ > K, by (1), (33),
and (34), we have

xX'(t, 1) = x(t, ¢k)[ — D) + h1 (D)1 (2, S(, pr))S(t, Pi)
—ha(0)p2(t, R(t, $))R(t, 1) — p(O)x(t, i) — q (1)

T (&) s(k)

X (/ k(u — )x(u, ¢r)du + /~Z) k(u — t)x(u, ¢p)du
—00 T

t n
—l—/(k) k(u —1)x(u, d)k)du) ]

2X(I,¢k)[—D(f)+h1(t)¢1(t,S(t,¢k))5(t,¢k)
—ha ()2 (t, R(1, $i)) R(t, pi) — p()x(z, ¢) — q(1)

(k)

T® ¢ —t
x (Hf")/ k(s)ds + M / k(s) ds
—00

0 n
+80/ k(s) ds) ]

> x(t, ¢p)[ — D) + hy ()1 (1, (S*(1, dr) — €0))(S(7, ) — €0)
—ha (D)o (t, (R*(t, d1) + €0)) (R*(t, dr) + €0) — e0p(t) — (2£0)"q(1)]
= x(t, Pr)Vey (1).
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Integrating from 7T + s,gk) +09 to t,gk) for any k > N, and g > K;k) we obtain

(k)
Iq

Xt 1) = x(T + 50 + 00, g) exp / L Wy (Ddr.
T+s,5 ) o0

Hence, by (26) and (27), we finally have

(k)
lq

Ox Ox Ox
> ndt > ————,
h+12 7 (k+12°F /Tﬂ;mao Vet > (k4 1)?

which leads to a contradiction. The proof is completed. o

3. Main results

Theorem 3.1. Suppose that (12) holds, in which (S*(f), R*(r)) is the positive
w—periodic solution of system (7). Then system (1) is permanent.

Proof.  The proof is obvious, in fact, it follows from lemmas 2.4-2.7. This com-
pletes the proof. o

Let e(« 1) be some positive constant and

M) =—=D(@) + hi ()1 (t, (S*() + €)(S* (1) + €)
—ha ()1 (t, (R*(t) — €))(R*(t) —€).

Theorem 3.2. Suppose that
Au(— D@) +h1 ()11, S*(1))S*(t) — ha(t)pa (2, R*(1))R* (1)) < 0 (39)

and
0
[ = / k(s)exp{rVs}ds < oo, (40)
—0o0

where (S*(¢), R*(¢)) is the positive w—periodic solution of system (7). Then for
any solution (S(z), R(¢), x(¢)) of system (1), x(t) — 0 as t — oo.

Proof. We shall prove that lim;_, o, x(¢) = 0. In fact, we know that for any given
0 < & < I(e > ¢€), there exists €y > 0 such that

Ao (= D) + hi (D)1 (1, (S* (1) + (S* (1) + €) — ha()1 (1, (R* (1) — €)) (41)
(R*(t) —€) — liq(t)) < —lle”/ q(t)dr < —eo.
2 2 o
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Choose a constant t; > 0 such that

0
/ k(s)exp(AUs)ds > \"/g

-1

For any t > T + 171(T > T9), by (1) we have

x' < x(= D)+ hi(D)p1(t, S1))S(t) — ha(t)pa(t, R(1))R(1))
<x(=D@) +hi(DP1(t, (S*1) + €)(S*(1) + €)
—ha ()1 (1, (R*(t) — €))(R*(1) — €))
= xA(1).

Hence, by (42), for any t >t +s > T + 11, we obtain

— O n
x' < x| A@) —q(t)(/ k(s)x(t+s)ds) ]

-1

_ 0 n
<x A(t)—q(t)(/ k(s)exp(kUs)ds) X"

-1

_ 1 "
<x[h0 = 3la(0x ]
If x(t) > € for all r > T + 211, then we have
x < x[k(r) — llq(z)e”]
> .

Consequently, by (41) we obtain

t

[A(s) — llq(s)e"]ds -0
T+21; 2

x(t) < x(T +211) exp/

(42)

(43)

(44)

as t — oo, which leads to a contradiction. Hence, there is a #; > T + 271 such

that x(7;) < €.

Let M(e) = max;>o{|A(t)] + %lq(t)e”}. We note that M(e) is bounded for

€ € [0, 1]. We then show that

x(t) <eexp(M(e)w) for t>1.

(45)

Otherwise, there are t3 > f, > t; such that x(13) > e exp(M(¢)w), x(7) = € and
x(t) > € for all t € (rn, 13]. Let & > 0 be an integer such that 3 € (&) + 0w, 1r +
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(6 + Dw]. Then from (45) we have

eexp(M(e)w) < x(13)
<xmexp [ 1) - %lq(t)e"]dz

n

H+0w 13 1
= €exp (/ +/ )[A(t) — =lq(t)e"]dt
H tHh+0w 2

t
< €exp (/ ’ [A(r) — llq(t)e"]dt)
tHh+0w 2
< eexp(M(e)w).

This leads to a contradiction. Hence, inequality (45) holds. Further, in view of
the arbitrariness of €, we have x(r) — 0 as t — oo. This completes the proof. o

4. Discussion

In this paper, we have considered a chemostat model with a periodic
nutrient and antibiotic input. Further, we assume a periodic chemostat environ-
ment and the total toxic action on the microorganism in our model. Obviously,
we note that

Au( = D@) + (1)1 (2, S*(1))S™(1) — ha(D)a(t, R* (1)) R* (1))

is a threshold parameter for the permanence of system (1). Here (S*(¢), R*(¢)) is
the positive w—periodic solution of system (7).
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